Abstract. By establishing CHSH operators and CHSH-type inequalities, we show that any entangled pure state in infinite-dimensional systems is entangled in a 2 ⊗ 2 subspace. We find that, for infinite-dimensional systems, the corresponding properties are similar to that of the two-qubit case: (i) The CHSH-type inequalities provide a sufficient and necessary condition for separability of pure states; (ii) The CHSH operators satisfy the Cirel'son inequalities; (iii) Any state which violates one of these Bell inequalities is distillable.
Introduction
One of the entanglement problems is to decide whether or not a prepared state is entangled [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . The first condition of entanglement was given by Bell in 1964 [11] .
Werner [12] first pointed out that separable states must satisfy all possible Bell inequalities.
One of the most important Bell inequalities is the so-called CHSH inequalities investigated
by Clauser, Horne, Shimony, and Holt [13] in 1969.
The CHSH inequalities have been studied intensively since they provide a way of experimentally testing the local hidden variable model as an independent hypothesis separated from the quantum formalism for two-qubit systems. In 1991, Gisin showed that the CHSH inequalities are not only necessary but also sufficient for separability of two-qubit pure states [14] .
A short later, Gisin and Peres found that this fact can be extended into two-qudit systems [15] . And for the three-qubit case, Chen et al. proved that all pure entangled states violate some Bell inequality [16] . Since the Bell inequalities just provide a necessary condition for separability of mixed states, one might want to know which states violate the Bell inequalities. Consequently, it is verified that any two-qubit [17] or three-qubit [18] state violating a specific Bell inequality is distillable. This result also holds for N-qubit systems whenever the state is regarded as a bipartite state associated with the corresponding bipartite decomposition of the system [19, 20] .
It is worth mentioning that the Bell inequalities can be used in verifying the security of quantum key distribution protocols [21] and that distillation of quantum entanglement plays a key role in quantum information processing [1] . In addition, one may even apply the CHSHtype inequality to one-body quantum system when investigating quantum contextuality [22] .
Very recently, M. Li et al. [23] proposed CHSH-type inequalities for any finite-dimensional composite system and showed that (i) a pure sate is entangled if and only if some of the CHSH-type inequalities are violated and (ii) violating the CHSH-type inequalities implies that the state is distillable. (Note here that Ref. [23] was originally devoted to extend the Gisin's Theorem to higher dimensional multipartite case, however, it did not complete the proof. Indeed it proposed CHSH-type inequalities, see Ref. [24] for detail.) Inspired by this, in this paper we discuss these issues for infinite-dimensional systems. (Infinite-dimensional quantum systems are always related to the continuous variable systems, such as harmonic oscillator, which has infinite eigenstates (or Fock states).) This paper is organized as follows. In section 2 we construct the CHSH operators for infinite-dimensional systems. By virtue of the concurrence for infinite-dimensional systems [25] (i.e., the concurrence of a pure state is zero if and only if it is separable), we can use an argument similar to that in Ref. [23] to prove the generalized CHSH-type inequalities. In addition, we find that the generalized CHSH operators also satisfy the Cirel'son inequalities.
In section 3, a sufficient condition for distillation of entanglement in infinite-dimensional systems is proposed by reducing the given state to the two-qubit state and by the virtue of concurrence. Consequently, we conclude that any entangled pure sate in infinite-dimensional system is distillable. A final summary in the last section concludes this paper.
The CHSH-type inequalities for infinite-dimensional composite systems
Recall that, the CHSH operators for two-qubit quantum systems are constructed via the Pauli matrices, that is
A/B are Pauli matrices. The CHSH-type inequalities read as
Namely, if there exist local hidden variable models describing the system, then the inequalities in (2.2) must hold.
In the following, we construct CHSH operators for infinite-dimensional quantum systems. 
have two none zero entries. We define 
Let us extend this idea to the multipartite case in the following.
Multipartite systems.
In this subsection, we discuss the multipartite system
Let α and α ′ (respectively, β and β ′ ) be subsets of the sub-indices of a, associated to the 
) † Tr is a "two-qubit" pure state, where p denotes the fixed bipartite decomposition. Now, for any given bipartite decomposition, we can define the corresponding CHSH operators 
is called the concurrence of |ψ . Moreover,
It is clear that C(|ψ ) = 0 if and only if |ψ is separable. Letting
With this basic idea in mind, similar to that of the finite-dimensional case [26] ,we define concurrence for infinite-dimensional multipartite systems.
is called the concurrence of |ψ . Here α and α ′ (respectively, β and β ′ ) are subsets of the sub- 
Based on Eq.(2.6) and Eq.(2.8), using an argument similar to that in Ref. [23] one can obtain the following results. (2.14)
where µ is a Borel probability measure on S s−p , ρ A ⊗ ρ B ∈ S s−p , and ϕ : S s−p → S s−p is a measurable function. (Note that the above definition is equivalent to that given in [12, 28] .)
Thus, for any CHSH operator B αβ , it is straightforward that
That is, all separable mixed states also satisfy the inequalities in (2.9). Similarly, all fully separable multipartite mixed states satisfying the inequalities in (2.10).
Going further, we discuss the relation between the CHSH operators and entanglement witnesses. It is shown in [29] Proof. Now we consider the generalized CHSH operators (for both finite-and infinite-dimensional cases). We write P α = |i i| + | j j| whenever L α = |i j| − | j i| and define P β similarly.
Then we consider the squares ofÃ
CHSH-type inequalities and distillation
For the finite-dimensional case, it is shown in Ref. [23] that quantum states that violate the CHSH-type inequalities must be distillable. In this section, we discuss the infinitedimensional case.
The famous singlet states play a crucial role in quantum information theory since for many tasks, like teleportation and cryptography, one ideally needs maximally entangled two-qubit states. However, in laboratories we usually have mixed states due to imperfection of operations and decoherence. It makes sense to transform the mixed states to the useful singlet states. Recall that, a state ρ is defined to be distillable if and only if the singlet state (e.g.
(|00 ± |11 )) can be obtained from a finite number of copies of ρ by LOCC. In
Ref. [23] , in the finite-dimensional multipartite system, a multipartite state is called distillable if and only if there exists some bipartite decomposition of the system such that the state is distillable whenever it is regarded as a bipartite state.
Any LOCC for an infinite-dimensional bipartite system admits the form of
where A i and B i are operators acting on H A and H B respectively,
, and the series converges in the strong operator topology [7] and N may be +∞.
For an infinite-dimensional multipartite system, we can define distillation of entanglement as follows. 
. . , m}), i.e., ρ is distillable if and only if there exists some LOCC Λ and a finite number n such that
It is obvious that a bipartite state ρ is distillable if there exist some projectors P and Q that map H A and H B into C 2 and C 2 respectively such that P ⊗ QρP ⊗ Q is entangled.
The main result of this section is the following. Proof. We only need to prove the first part; the multipartite case can be checked similarly.
If Tr(B α 0 β 0 ρ) > 2 for some α 0 and β 0 , then Namely, there are no bound entangled pure states in either finite-or infinite-dimensional systems.
Conclusion
In summary, the CHSH-type inequalities for the infinite-dimensional systems were proposed. We showed that, in nature, for any entangled pure state, there exists at least one 2 ⊗ 2 subspace such that the associated state is entangled and therefore the corresponding properties are valid. (Note that, for mixed states, Sperling and Vogel showed in Ref. [32] that any bipartite entanglement in infinite-dimensional systems can be identified in finite-dimensional Hilbert spaces, even though in general the reduction in the Hilbert space to finite dimensions may lead to nonclassical artifacts.) The generalized CHSH-type inequalities may help in the measurable determination of quantum entanglement experimentally since there is a one-toone correspondence between the CHSH operators and the entanglement witnesses.
